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A single-period (static) Markowitz mean–standard deviation model∗

min f1(x) =
√
xTQx (minimize standard deviation)

max f2(x) = eT x (maximize expected mean)
(1)

subject to x ∈ X0 =

x

∣∣∣∣∣∣
uT x = 1, (all capital to be consumed),

x  0,

 ,

where x is the vector of fractions of the capital spent on buying
individual assets, Q is the covariance matrix, e is the vector of expected
means, u is the all-ones vector.

∗ Markowitz H., Portfolio selection – efficient diversification of
investments, John Wiley and Sons Inc., New York, 1959.
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Pareto front in the Markowitz model as it is often seen in the literature
(the case of Beasley OR–library set with 31 assets)
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Multi-period models in the expected mean–standard deviation framework
capture

Intertemporal effects (a discrete time economy);

Market impact on asset prices from buying and selling assets;

Market impact costs associated with the immediacy of trading (a
trade-off between the cost of the immediacy of trading AND price
volatility).
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A critique of multi-period models

It is often difficult to accurately estimate return/risk for multiple
periods;

It is often difficult to accurately estimate market impact effects;

These models are computationally intensive (for a large number of
assets).

Kolm P., Tütüncü R., Fabozzi F. ”60 Years of portfolio optimization:
Practical challenges and current trends”, European Journal of
Operational Research, Vol. 234, Is. 2, pp. 356-371, 2014

”For these reasons, practitioners typically use single-period models
to rebalance the portfolio from one period to another.”
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Motivation and research question
1 What is the efficiency of the popular investing strategies (e.g.

buy-and-hold, one-month rebalancing) in the dynamic environment
with the Markowitz model as a base model?

2 What is the impact of the risk level on the actual (realized) return?
3 Are calendar-based rebalancing strategies better than the (passive)

multi-period B&H strategy?
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Multi-period models in literature

Calvet L., Campbell J., Sodini P. ”Fight or Flight? Portfolio
Rebalancing by Individual Investors”, The Quarterly Journal of
Economics, Vol. 124, Is. 1, pp. 301-348, 2009.
Dichtl H., Drobetz W., Wambach M. ”Where is the value added of
rebalancing? A systematic comparison of alternative rebalancing
strategies”, Financial Markets and Portfolio Management, Vol. 28,
pp. 209-231, 2014.
Guastaroba G., Mansini R., Grazia Speranza M., ”Models and
Simulations for Portfolio Rebalancing”, Computational Economics,
33, 2009.
Hilliard J.E., Hilliard J. ”Rebalancing versus buy and hold: theory,
simulation and empirical analysis”. Review of Quantitative Finance
and Accounting, 50(1), 2018.

The decision maker’s preferences in portfolio reconstruction are
not examined in these works.

Juszczuk P., Kaliszewski I., Miroforidis J., Podkopaev D. Investing strategies in Markowitz model



Pareto front for the example problem with 31 assets. Three different
risk-return segments of the Pareto front.
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Pareto front for the example problem with 31 assets. Three different
risk-return profiles (the DM’s preferences).
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investing year y ∈ {2014, 2015, 2016, 2017};
for every investing year, a set of instruments An, with
n ∈ {200, 300, ..., 600};
investing interval for year y covers 13 months: my ,1 - January for the
investing year y ; my ,2 - February for the investing year y ;
my ,13 = my+1,1;
covariance matrix Sy ,t(A

n) along with the vector of returns µy ,t(A
n)

is defined for months my ,1 to my ,12.

Short-term investing
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to derive an efficient portfolio with minimal variance we define
problem

∏
(Sy ,t(A

n), µy ,t(A
n)) – variance minimization s.t.

constraints in the Markowitz model;
to derive an efficient portfolio for an expected return r we define a
problem

∏
(Sy ,t(A

n), µy ,t(A
n), r) – variance minimization s.t.

constraints in the Markowitz model AND µy ,t(A
n) = r .

rmin – expected return of the solution to
∏
(Sy ,t(A

n), µy ,t(A
n)); rmax

– maximal value of the expected return on the Pareto front;
m, m > 0, is the number of risk-return profiles;
divide [rmin, rmax ] into m equal-sized intervals (risk-return segments)
I k , k = 1, ...,m;
rk is the middle of interval I k ; rk determines the k’th risk-return
profile; r1 is the least risky profile, and rm – the most risky one.

By solving
∏
(Sy ,t(A

n), µy ,t(A
n), rk) the efficient portfolio

corresponding to the k’th risk-return profile is derived
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Dynamic investment: choosing an efficient portfolio, corresponding to a
risk-return profile, in t = 1, 2, 3, 4.
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Multi-period investing strategies

M1 investing strategy - portfolio change every month;
M3 investing strategy - portfolio change every 3 months;
M6 investing strategy - portfolio change every 6 months;
Multi-period B&H investing strategy - portfolio unchanged during
the whole investing interval;

M1, M3, M6 – calendar-based rebalancing.

Capitalization of interest done every month (for every investing
strategy)
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Comparison of M1 and M3 investing strategies.
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Comparison of M6 and Multi-period B&H investing strategies.
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Solving 4
∏

problems (portfolio rebalancing) based on the 3 years
historical data.
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Experiment data

5 datasets;
the single dataset includes 200 to 600 instruments;
every dataset divided into 4 investing intervals covering 13
successive months;
5 different risk-return profiles;
4 different investing strategies:
M1 – covering 48 investing periods;
M3 – covering 16 investing periods;
M6 – covering 8 investing periods;
Multi-period B&H covering 4 investing periods.

we assume, that 100$ is invested at the beginning of the investing
interval.
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Differences between the expected mean return (predicted by the
Markowitz model) and the actual return in the first investing interval
(year 2014).

Definition

Reliability of the investing strategy = |exp. mean return - actual return|
(precision accuracy)
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Values of reliability of the investing strategy and winning strategies in
the first investing interval (year 2014).
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Values of reliability of the investing strategy and winning strategies in
the second investing interval (year 2015).
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Values of reliability of the investing strategy and winning strategies in
the third investing interval (year 2016).
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Values of reliability of the investing strategy and winning strategies in
the fourth investing interval (year 2017).
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Average values of reliability of the investing strategy over all risk-return
profiles.
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Comparision of the results with the S&P 500 market index – for the first
two investing intervals.
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Comparision of the results with the S&P 500 market index – for the last
two investing intervals.
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Conclusion

Multi-period B&H strategy for most cases seems to be superior over
rebalancing strategies (in a sense of reliability of the investing
strategy).
Calculations for the more complex models (than the Markowitz
model) and derivation of the 2280 efficient portfolios could be far
more computationally demanding.

Open questions / future works

What is the impact of the market index on the presented results?
New data and the long-term investment covering approx. 10 years;
Other expected return–variance portfolio selection models could be
considered in the presented framework (e.g., Markowitz model with
cardinality constraints).
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Thank you for your attention
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